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Overview

• complex material models in Ferrite.jl

◦ time-separated stochastic mechanics → Geisler

◦ damage and fatigue modelling → Kök

◦ topology optimization with plasticity → Kick

◦ topology optimization for large deformations → von Zabiensky
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Uncertainty quantification for inelastic material models

How to predict the stochastic behavior efficiently and accurately?
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State-of-the-art
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Implementation in Ferrite

Approach: split into deterministic ”0” and stochastic part ”I”:
→ E = E0 + ξEI , ⟨ξ⟩ = 0
→ ε = ε0 + ξεI , εinelas = εinelas,0 + ξεinelas,I

Seperate set of PDEs for deterministic and stochastic part
→ Evolution equations stem naturally from standard set of equations

1: for each loadstep do
2: do FEM ”0” → ε0, εinelas,0

3: do FEM ”I” → εI , εinelas,I

4: calculate expectation & standard deviation
of stresses, reaction forces, etc.

5: end for
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Results for standard deviation of stress
18h (TSM) vs.
0.7 years (MC)

→ viscoplasticity, damage, phasetransformations ...
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Hamilton-based damage model (HDM)

• extended Hamilton functional e.g. for damage modelling

H [u,α] := G [u,α]︸ ︷︷ ︸
Gibbs energy

+ D [α]︸ ︷︷ ︸
dissipation

− R [α]︸ ︷︷ ︸
hardening

+ C [α]︸ ︷︷ ︸
constraints

• Internal variables: α = {d , εp}

↰

Ψ(ε,α) = 1
2(ε− εp) : f (d)C : (ε− εp) +

1
2β ∥∇f ∥

2

↰D [α] =
∫
Ω

∂∆
∂α̇ ·α dV

↰

∆[α] = rd |ḋ |+ 1
2 ηd |ḋ |2 + rp ∥ε̇εεp∥+ 1

2 ηp ∥ε̇εεp∥2

↰R [α] =
∫
ΩΨh dV with Ψh = Ψh(α).

↰C [α] =
∫
Ω ppc : εεεp + pαc dV
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Hamilton-based damage modelling (HDM)

• requiring stationarity: H [u,α, ]→ stat
u,α

• stationarity condition yields:

∫
Ω

∂Ψm

∂ε
δuuu dV −

∫
Ω

bbb∗ · uuu δuuu dV −
∫
∂Ω

ttt∗ · uuu δuuu dA = 0 ∀ δuuu∫
Ω

(−C : (εεε− εεεp) +
∂∆

∂εεεp
+ κI) : δεεεp dV = 0 ∀ δεεεp∫

Ω

Ψ0f
′δd dV −

∫
Ω

β∇f · ∇(f ′δd) dV +

∫
Ω

∂∆

∂d
dAδd = 0 ∀ δd
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Hamilton-based damage modelling (HDM)

• solve system of stationary conditions

◦ δuH = 0 ⇒ weak form of balance of linear momentum

◦ δεεεpH = 0 ⇒ material model (evolution equation)

⇒ solved by finite element method (FEM)

◦ δdH = 0 ⇒ damage equation (strong form)

Ψ0f (d)− βf (d)∇2f (d)− r − ηḋ ≤ 0

⇒ solved by finite difference method (FDM)

• staggered FEM + FDM ⇒ NEM (neighbored element method)
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Damage Process

initialization

update of the displacements ûn+1 (by FEM)↰
update of material behavior εpn+1

converged?final damagefinal damage

update of the damage dn+1 (by FDM)

next iteration step: tn ← tn+1

yes

no
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Algorithm: update of un+1 and εpn+1 by FEM

1: while true do
2: for each element ∈ mesh do
3: call reinit!(mesh, elementvalues)
4: call Ke , re = assembleCell!(elementvalues, u) ▷ see next slide
5: call assemble!(assembler ,Ke , re)
6: end for
7: call apply zero!(K , r , constraints)
8: if ∥r∥ < tol then break
9: end if
10: update ui+1 = ui − K−1r
11: update i = i + 1
12: end while
13: un+1 ← ui+1
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Algorithm: update of un+1 and εpn+1 by FEM

• assembleCell!(elementvalues,u)
1: for each ip ∈ element do
2: compute εn+1 = function symmetric gradient(elementvalues, ip, ue)

3: compute σn+1(dn), D0,n+1, εpn+1 and Ψ0,n+1 → material model
4: compute Ω⋆ = getdetJdV(elementvalues, ip)
5: for i to number base shape functions do
6: compute BT = shape symmetric gradient(elementvalues, ip, i)
7: compute re [i ] +=

(
BT : σn+1

)
Ω⋆

8: for j to number base shape functions do
9: compute B = shape symmetric gradient(elementvalues, ip, j)
10: compute Ke [i , j ] +=

(
BT : D0,n+1 : B

)
Ω⋆

11: end for
12: end for
13: compute re = re − fe,ext
14: end for
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Update of dn+1 via ”external” FDM

• input:

◦ strain energy: Ψ0,n+1 (from FEM)

◦ structure volume (user input)

◦ regularization parameter (user input) β → minimum member size

• compute
◦ Laplace operator ∇2f (d)

→ requires mesh data

◦ new design dn+1 by solving PDE via FDM

→ within two nested loops independent of FEM
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Damage simulation results
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Damage simulation results
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The potency of topology optimization
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Thermodynamic topology optimization (TTO)

• extended Hamilton functional e.g. for topology optimization

H [u,α, χ] := G [u,α, χ]︸ ︷︷ ︸
Gibbs energy

+ D [α]︸ ︷︷ ︸
dissipation

− R [χ]︸ ︷︷ ︸
rearrangement

+ C [α, χ]︸ ︷︷ ︸
constraints

↰

design variable(s) χ besides internal variables α
e.g. χ → material distribution = topology

G = . . .
D = . . .
R = . . .
C = . . .

⇒
Already well documented

example in Ferrite.jl! :-)

↰

Solution via NEM analogous to damage model
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Different elastaic materials

linear-elastic anisotropic mixed material
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Plasticity with different kinds of hardening

ideal plasticityelastic

plasticity with exponential hardeningplasticity with linear hardening

plastic strains (von Mises)
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Implementation of large deformations in TTO

• if a Hyperelastic Material Model is
used:

◦ large displacements u and strains ε

◦ δuH = 0 is non-linear

◦ snap-back and snap-through possible

◦ geometrical part of B-operator necessary

https://3druck.com/forschung/harvard
-forscher-drucken-softroboter
-mit-integrierten-sensoren-5968339/

• discretized system for arc-length method

◦
(

K −P
f T f,λ

)
i

{
∆u
∆λ

}
i+1

=

{
H
f

}
i

• with an additional constrain f (u, λ)
◦ f =

√
(∆u)T (∆u) + (∆λ)2 −∆s
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Visualization of the arc-length method

• solve problems with snap-back and snap-through

�

u

�s

�u
��

���u��)

f �u��)
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Algorithm: arc-lenght method according to [1]
1: set u0 = uk and ∆s ▷ First Settings by User
2: compute uP0 = P/K0 ▷ Predictor Step
3: compute λ0 = λk ± ∆s√

(∆uP0 )
T∆uP0

4: while ∥H(u, λ)∥ ≤ TOL do
5: for i = 0, 1, 2, ... do
6: compute ∆uPi+1 = P/Ki

7: compute ∆uHi+1
= −H(ui , λi )/Ki

8: compute ∆λi+1 =
fi+f Ti ∆uHi+1
f,λi

+f Ti ∆uPi+1

▷ Increments for next Step

9: compute ∆ui+1 = ∆λi+1∆uPi+1 +∆uHi+1
10: update λi+1 = λi +∆λi+1

11: update ui+1 = ui +∆ui+1

12: update H(ui+1, λi+1) and i = i + 1
13: end for
14: end while
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A new extended solution method according to [2]

• boundary conditions based on
displacements only

• u =


usol

u∗

λsol u∗
0

• how to implement u in DoF-Handler?

u

usol

sol� *

u*

0

?

?
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Conclusions

• Developed at our institute in Ferrite.jl
◦ staggered models

• not ”simply” coupled FEM problems
• external algorithms for material update
• ”add-ons” to FEM with modifications to core

• Wishlist and eager to discuss
◦ large deformations

• geometrical part of shape derivatives
• arc length method inlc. displacement based approach

◦ 4D Space-Time → for the next FerriteCon :-)
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